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Abstract 
Frontini, M. and L. Gotusso, A regularization method for discrete Fourier polynomials, Journal of Computa- 
tional and Applied Mathematics 49 (1993) 71-78. 
In this paper we present a regularization method for discrete Fourier polynomials in one and two variables. 
The easy relation between the discrete Fourier coefficients and those of the regularized polynomial is proved. 
A good automatic choice of the regularization parameter u is proposed and some numerical results are 
presented. 
Keywords: Fourier regularization; Gibbs’ phenomena 
1. Introduction 
In a previous paper [4] we have considered the regularized Fourier polynomials 





e = Eke-uk’, 
where (T > 0 is a parameter and 
(4 
(3) 
are the Fourier coefficients related to the real-valued function f(x) : R + R, periodic on 
T = [0, 27~). In [4] we remarked that, for a good choice of u = a(n), the polynomial 9n*(x) 
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realizes a good compromise between the fidelity to the data (the values of the function f(x)) 
and the smoothness of the graph of Yn*(xc). 
Moreover, as numerical experiments showed, Fn*(x) is not affected by Gibbs’ phenomena 
like other regularized polynomials (e.g., Fejer or the one proposed in [3]). 
Recently we have proved [5] that the polynomial s”,*(x) minimizes, in the class of trigono- 
metric polynomials 
+n 




a~ =/2Tlf(x)-.,(X)12 dx+ c ;/‘“iti”(x)] 
0 r=r * 0 
We notice that if (T = 0, the functional 
J[CkT 0] = /2Tl f(x) - Fn(x) I ’ dx 
0 





In this paper we consider the discrete case and we give results similar to the ones obtained in 
[5] when f(x) is given in a set of m = 2r + 1 equally spaced points 
2nj 
xj = - m ’ 
j=O,l,..., m-l, 
and consequently the functional (5) becomes 
J&k7 a] =gg’ 1 f('j) - %Cxj) 1 
J-0 
2+ f ;~2T,-y;“‘(x)12 dx. 
r=l 
2. Background and notation 
(6) 
Let fj, j = 0, 1,. . . , m - 1, be the values of f(x) in the m = 2r + 1 points defined in (6). It is 
well known [6] that the Fourier polynomial Fr(x) which interpolates f(x) in the m points Xi 
may be obtained as follows. 
Let Z be the vector solution of the linear system 
Fz=f, (8) 
where, if w = e2Ti/m is the principal m-root of the unit, 
F= 
1 1 . . . 
1 w 13 . . . ,,t, 
1 w2 W4 w6 . . . W2(m - 1) 
1 w3 w6 w9 . . . W3(m-1) 
1 Wmpl W2(m-1) W3(m-1) . . . W(m-l)* 
(9) 
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fo 
fl 
f= ; , 
_f*.- 1 _ 
The coefficients I?~ of Yr(x) are given by 
E,=Z,, for k=O,l,..., r, and 
If yt < Y, the coefficients of the polynomial 
given by the solution of the linear system 
FnHF,,c = FnHf, 
C-k =2,-k, fork= 1,2 )...) Y. (10) 
of best least-squares approximation for f (xl are 
(9’) 
(11) 
where F, is a rectangular m x (2n + 1) matrix given by the first it + 1 columns of F followed by 
the last n columns, FH is, as usually, the transpose conjugate of F, and 
c = [co, ci ,..., c,, c-,, c-,+1 ,..., c-11. (12) 
In [2] it was remarked that, for 2n + 1 > logZm, instead of solving the linear system (111, it is 
more efficient to solve the linear system (8), by using the Fast Fourier Transform (FFT), and to 
consider only the coe_fficients Zk given by (10) where r is replaced by n. 
The polynomial Fn whose coefficients Zk are given by (10) minimizes, in the class of 
polynomials (4), the functional 
Jd(Ck, O)=kTE’ Ifj-F~(xj)12 
J=o 
(13) 
(first term in the functional (7)). 
In the next section we will prove that the coefficients of the polynomial Fn*(x), which 




ck7 k= -n ,..., -l,O, l,..., it. (14) 
Remark 2.1. In [3] we have proved that if, instead of the functional (5’1, we consider the 
functional 
.f[ck, a] = jzTI f(x) -F&) I 2 dx + ~/,““l Y&X) 1 2 dx, 
0 
(5” > 
the relation between the E, and the coefficients elk of the polynomial that minimizes, in the 
class (41, the functional (5”) is given by 
‘k 
‘k= l+@kd’ 
In [2] it was proved that the relation (15) holds also between the coefficients Ck of the 
polynomial that minimizes the functional (13) and the coefficients c^k of the polynomial that 
(15) 
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minimizes the functional 
3. Main results 
Given a vector h = [h,, h,, . . . , h,,_llT, where ho, h 1,. . . , h,_ 1 are complex numbers, we 
define 
(hi is the 
(16) 
m-l m-l 
(1 h 11; = hHh = (h, h)d = c hjhj = c 
j=O j=O 
complex conjugate of hj). 
lhj12 
We can state the following theorem. 
Theorem 3.1. The coefficients c$ of the regularized polynomial that minimizes, in the class (4), the 
function (7) with u 2 0 are related to the discrete Fourier coefficients E, connected with the data 




Proof. Let us define by F,, the vector [FJx,>, FJx,), . . . , Fn( x, _ ,>lT; the quadratic form (7) is, 
by the orthogonality properties of the functions eikx, the function 4(c) of the 2n + 1 variables 
ck with k = -n,. . . , - 1, 0, 1,. . .,n: 
$qc,=;llf-~ II:+ 5 ; 2 c,Ckk2j 
j=l . k=-n 
= ;llfll:- f(f, 9&+ iIlK IIf+ i 
k= -n 
CkCk i q 
j=l ’ 
= ;llfll2,- i(f, 9&+ -$I% II:+ 2 ckCk(eukz - 1). 
k= --n 
The function 4(c) is, except for the constant term II f 112,/m, the function 
+(c) = - GTcl 2 EkeikXj 2 zke-ikx. 
1-0 k=-r k= --n 
J + k:$: ,cnckeikxJ k iZke-ikxj 
k= -n 
n 
+ C CkCk(eokz - 1). 
k= --n 
Because of the discrete orthogonality property of the functions eikx, 
4(c) = -2 k ckck + 2 ckck + i ckCk(eak2 - 1) 
k= --n k= -n k= --n 
= 2 ( ckCkeakZ - 2c’,C,). 
k= --n 
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The function e(c) is, except for the constant term Cz= _n ] Ck 1 *ePVk2, the function 
k= --n 
which assumes its minimum value, zero, for 
* = e-ukz- 
ck ck, v’k. 0 
Remark 3.2. We remark that to use u of the form r/n*, where it is the degree of the 
regularized polynomial, means to multiply the last Fourier coefficient for a fixed term. Indeed 
(see [4]), if we want to multiply the last coefficient by lo-‘, we have to choose u so that 
e --an2 = 10-r; 




This criterion seems to be interesting, since as II grows, the first coefficients of Fourier 
approximation are modified by a smaller factor. In [4] we proposed r = 2, so that Q- = 4, 6. Some 
probabilistic consideration suggested the choice 7 = $r* = 4.93. In the theory of communica- 
tion and coding (see, e.g., [l]) the value 7 = r E 3.14 is proposed. 
4. Extension to the two-dimensional case 
Let f(x, y): lR* -+ R be a periodic function over T = [O, 27~) X [O, 27~) and let Ehk be its 
discrete Fourier coefficients. 
Let fil, j, 1 = 0, 1, . . . , m - 1, be the values of f(x, y) in the m* points P(xj, y/l: 
2-rrj 27rl 
xi = - > YI=-J j,l=O,l,..., m-l. m 
Let FJx, y) be the class of the trigonometric polynomials: 
+fl +iZ 
Fn(x, y) = c c chkeihxeiky. 
(6’) 
(4’) 
k= -n h= -,, 
It is well known that the chk are the coefficients of the polynomial which minimizes, in the 
class (4’), the functional 
Jd(Chk 7 (13’) 
We can state the following theorem. 
Theorem 4.1. The coefficients c& of the regularized polynomial that minimizes, in the class (47, 
the functional 
(7’) 
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Table 1 
f(x)= fl, m = 101, (T* = +(IT/~)‘, (Y = 21~/n 
u n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40 
E; 0 8.7.10-* 7.0.10-2 5.7.10-2 5.3.10p2 4.9.10-2 4.6.10-* 4.5.10-2 
CT* 5.6. lop3 5.2. 1O-3 2.1.10-3 1.5.10-3 1.8.10V3 3.7.10-3 1.8. 1O-3 
E; 0 1.0.10-2 8.0.10-3 5.4.10-3 4.6. 1O-3 4.7.10-3 4.5 10-3 5.1.10-j 
u* 3.6.10-4 4.9.10-4 1.1.1o-4 7.3.10-5 1.3.10-4 6.4.10-4 1.8.10-4 
Table 2 
f(x) = f2, m = 101, u* = :(n/n>‘, a = 2-r/n 
(T n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40 
E; 0 2.4. lo-’ 1.7.10pZ 1.5.10-2 1.3.10-z 1.2.10-2 1.1.10-z 1.1.10-2 
u* 3.1.10-3 1.9.10-3 1.3.10-3 l.l.1o-3 6.2.10-4 7.3.10-4 6.1 .10p4 
E; 0 7.8.10p4 4.2.10-4 3.6. 1O-4 2.7. lop4 2.6.10-4 2.1.10-4 2.6.10p4 
u* 4.4.10-5 2.9.10p5 2.5. lo-’ 2.4.10-’ 7.6.10-6 1.8. 1O-5 1.0.10-5 
Table 3 
f(x) = fl, m = 101, u * = +(n/n)*, LY = a/n 
u n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40 
EP 0 1.0~10~’ 8.4.10-* 7.2.10-* 6.3.10-* 5.7.10-2 5.5.10-2 5.4.10-2 
CT* 4.9.10-z 3.5.10-2 2.8.10-* 1.4.10-2 2.3.10-* 1.5.10-z 1.0.10-2 
E; 0 1.8.10-* 1.3.1ov* 1.1.10-2 8.1. lop3 1.0.10-2 9.8.10-3 9.6. 1O-3 
CT* 2.4.10-* 1.8.10-* 1.7.10-2 6.0.10-3 1.7.10-2 9.6.10-3 5.3.10-3 
Table 4 
f(x) = f2, m = 101, u * = +(-cr/n)‘, a = fir/n 
0 n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40 
E,” 0 2.9.10-* 2.1.10-2 1.9.10-2 1.6. 1O-2 1.4.10-2 1.4.10-z 1.4.10-2 
U* 2.1.10-z 1.2.10-z 9.6.10p3 8.2.10V3 7.5.10-3 5.0.10-3 3.3.10-3 
E; 0 1.3.10-3 7.0.10-4 6.5. 1O-4 5.0.10-4 5.2.10p4 5.1.10-4 5.0.1ow 
CT* 2.0.10-3 1.0.10-3 9.l.1o-4 9.8.10p4 8.9.10-4 5.0.10-4 2.7.10-4 
where 
FJr)(x, y) = k (A) a;x’:Ly’ 
m=O Y 
and u > 0, are connected to the coefficients Chk by the relation 
C & = e -C7(h+k)2- Chk, vh, k. 
(17) 
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Proof. The proof is analogous to the one of Theorem 3.1 when we consider the discrete 
orthogonality properties of the functions eihxeiky and we use in (7’) the definition (17). 0 
Remark 4.2. The analogous result in the continuous case was proved in [5]. 
5. Numerical results 
We performed many numerical experiments in order to see if it is possible to suggest an 
“optimal” value u = o(n) which does not depend on the function f(x). In all our experiments 
we observed that (T* = i(rr/n) ’ is a good choice whenever the periodic function f(x) (or some 
of its derivatives) has points of discontinuity. In all cases the Gibbs’ phenomenon has 
disappeared. 
Moreover, in every interval sufficiently far from the discontinuities, the regularized polyno- 
mial turns out to be a better approximation of f(x) than the Fourier polynomial. 
More precisely, let us define 
EF= k Clf(xi)-FN(Xi)12~ 
i 
(19) 
where the sum is made only for those points xi whose distance from the discontinuities is less 
than or equal to CL 
If (Y = 2rr/n, both Ef and E; turned out to be smaller for (T = u* than for u = 0. If 
cy = ~/y1, Er is still smaller for u = u *, while this is not generally true for E;. 
We point out that, for a given m, when n increases, we neglect in (18) and (19) a smaller and 
smaller number of points xj of the form (6). 
, 
-I0 1 2 3 4 5 6 7 
Fig.1.f(x)=f,,m=101,n=30,o=o*;(~~~~~~data,---Fourier,- regularized). 
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-0.2; I 
1 2 3 4 5 6 7 
Fig.2.f(x)=f,,m=101,n=30,o=a*;(~~~~~~data,---Fourier,- regularized). 
In Tables l-4 and in Figs. 1 and 2 we give some numerical results obtained for the following 
two functions: 
0, for OGx< f~, 
fl(4 =x7 n E [O, 27-4, fz(x) = 1, for f7r Gx G $r, 
0, for 3r<x<27r. 
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